Employing a pseudo-orthonormal coordinate-free approach we write down the Dirac equation in spacetimes with static generally prolate metrics. As examples, we consider the electrically charged C-metric, the vacuum C-metric, the Reissner-Nordstrom and Schwarszchild spacetimes and the BBMB black hole and show that the solutions to the Dirac equations for particles these spacetimes can be derived in terms of Heun's general functions and their confluent and double confluent forms.
Introduction
Even though the C-metric has a long history, being discovered by Levi-Civita one hundred years ago [1] and later re-obtained by Ehlers and Kundt [2] , this nonlinear superposition of the Schwarzschild black hole solution and the Rindler flat spacetime associated with uniformly accelerated observers [3] (for a comprehensive review of its properties see [4] ) can be seen as an unique laboratory to test the properties of the fields evolving in an accelerating background.
On the other hand, the study of the Dirac equation on different types of black holes is a subject with a long-standing history, the behavior of fermions in these backgrounds has been tackled mainly with approximate methods or numerical techniques [5] . Recently, the problem of the quantum fermions scattered from Schwarzschild black holes was studied using a version of partial wave analysis that allowed the authors to write down closed formulas for the scattering amplitudes and cross sections [6] . However, similarly to the analysis performed in the uncharged Schwarzschild case, in the presence of a spherically symmetric static electromagnetic field, the radial part of the massless Dirac equation has been put into a Heun-type form [7] , [8] .
In terms of the techniquesused in these studies, the Newman-Penrose (NP) formalism [9] is widely considered to be a valuable tool for decoupling and separation of variables when dealing with the Dirac equation describing fermions in the vicinity of different types of black holes [10] .
For the vacuum C-metric spacetime, in [11] , by defining a Kinnersley-like null frame [12] , the standard NP formalism is employed to solve the Dirac equation for massless particles. The exact solutions for the radial and angular equations have been derived in terms of Heun functions [13] , [14] , which generalize well-known special functions such as the Spheroidal Wave, the Lame or the hypergeometric functions.
As an alternative approach to the one mentioned above, in the present paper, we are developing a free of coordinates method, based on Cartan's formalism [15] . Thus, we are computing all the geometrical essentials for writing down the Dirac equation in its SO(3, 1)−gauge covariant formulation, generalizing existent studies, as for example [16] , where the authors are switching between canonical and pseudo-orthonormal basis and the solutions are derived using numerical techniques. As particular cases, besides the vacuum C-metric, in the present paper, a special attention is given to the Reissner-Nordstrom spacetime as well as to the BBMB metric, describing the black hole found by Bocharova, Bronnikov and Melnikov [17] and studied later by Bekenstein [18] .
The structure of this work is as follows: in the next section using the orthonormal Cartan formalism we derive the general form of the Dirac equation for a general metric with axial symmetry. In the particular case of the metric (7) we show that the massless Dirac equation can be reduced to two systems of decoupled equations (15) and (16) for the radial and angular functions. In section 3 we show that in the background of the charged C-metric given in [19] one can express the general solution of the massless Dirac equation in terms of the general Heun functions. In section 4 we show how to recover previous results known in literature in the particular cases of the uncharged C-metric, the Reissner-Nordstrom metric and the BBmB-metric. The last section is dedicated to conclusions and avenues for further work.
2 The SO(3, 1)−gauge covariant Dirac Equation
Let us start with the general static prolate metric of the form [15] 
where the functions f , p, q and h depend only on the coordinates r and θ.
Within the SO(3, 1)−gauge covariant formulation, we introduce the pseudo-orthonormal frame {E a } (a=1,4) , i.e.
whose corresponding dual base is 
.cb , we obtain the following connection one-forms
with (·) |a = E a (·). The massive spinor of mass µ, minimally coupled to gravity, is described by the SO(3, 1) gauge-covariant Dirac equation
In view of the relations (3), the term expressing the Ricci spin-connection being
the explicit form of the Dirac equation (4) reads
For the concrete example to be tackled in this paper, we shall consider the following metric functions:
where Ω = Ω(r, θ), R = R(r) and P = P (θ). The metric (1) and and the Ricci-spin connection term (5) being now
and
where ( ) ′ and( ) mean the derivatives with respect to r and θ, the Dirac equation (6) becomes
In the particular case of a massless fermion, for which the above equation turns into the form
with the variables separation of the form:
one has to define the function ψ(r, θ) as
in order to eliminate the terms containing the derivatives of the functions R, P and Ω. For the bi-spinor written in terms of two components spinors as
in the Weyl's representation for the γ i matrices,
where σ µ denotes the usual Pauli matrices, the equation (8) leads to the following system of decoupled equations for the spinors ζ and χ:
Using the standard procedure based on variables separation,
with B = 1, 2, so that
, one may write down from the system (13) the essential relations:
In what it concerns the components S 
Thus, from (15), one gets the following system of decoupled equations for the radial functions S
Using the same procedure, the angular equations coming from (16) can be written in the compact form
where B = 1, 2 and the upper signs correspond to B = 1 while the lower signs to B = 2.
Accelerating charged black holes
In the followings, we are going to employ the method developed in the previous section and consider in the general metric (7) the nonlinear superposition of the Reissner-Nordstrom black hole solution and the Rindler flat spacetime associated with uniformly accelerated observers, i.e. the charged C-metric [4] :
In (19) , M, Q and A are the mass, the charge and the acceleration, and the vector potential for the electromagnetic field is given by
There is a curvature singularity at r = 0, the acceleration horizon at r = 1/A and the inner and outer black hole horizons
For R RN A written in the factorized form [19] 
it is not a difficult task to find, using Maple, the solutions of the corresponding radial equation coming from (17) . With the notation η = 2Aε and up to some normalization constants, these are expressed in terms of Heun general functions [13] , [14] as:
where
the variable of the Heun functions is
while the two set of parameters are given by:
The Heun's general equation has 4 regular singularities situated at y = 0, y = 1, y = a and y = ∞ [13] , [14] meaning, in our case, r = r ± and r = ±1/A. The six free parameters play different roles. Thus, a is the singularity parameter, q is the accessory parameter, while the others are exponent parameters.
One may look for a polynomial form of the Heun functions in (22) , by imposing that the third parameter is satisfying the necessary (not sufficient) condition α = −n, with n a positive integer and q has one of a finite number of characteristic values, which fixes the value of λ. This can be done for α ′ in (24), leading to the quantized imaginary spectrum
Finally, for P (θ) given in (19) , written as
the solutions to the angular equations coming from (18) has a very similar form, namely
and m → −m for T 2 , where
the variable of the Heun functions being:
and the two set of parameters are:
and q ′ , α ′ , β ′ , γ ′ satisfying the same relations as in (24) .
At the end of this section, let us mention briefly the case of the extreme ReissnerNordstrom accelerated black hole, with Q = ±M, for which the radial function in (19) is
The solutions to the radial equations (17) are expressed in terms of Heun confluent functions [13] , [14] as:
where σ = MA, while the variable z and the parameters of the Heun functions are respectively given by:
One may easily check that the orbital equations, with
are also satisfied by Heun confluent functions.
Particular Cases

The vacuum C-metric in spherical-type coordinates
The Dirac equation for massless particles evolving in the vacuum C-metric spacetime has been exactly solved in [11] . By defining the Kinnersley-like null frame and using the NP formalism, the Dirac equation has been separated into one-dimensional radial and angular parts, both being satisfied by Heun general functions.
In the followings, we consider in the general metric (7) the nonlinear superposition of the Schwarzschild black hole solution and the Rindler flat spacetime, i.e.
The form (32) has the important property that it reduces to the spherically symmetric Schwarzschild solution, when the acceleration parameter vanishes A = 0. Thus, the positive constant M is the mass of the source, while r is the Schwarzschild-like radial coordinate, with a black hole horizon at r = 2M.
One can easily check using the Maple Soft [20] , that the radial equations coming from (17) , with R c (r) given in (32), i.e.
and similarly for S + 2 , where ω → −ω, has the solutions expressed in terms of Heun general functions as
with η = 2MA, the variable
, and the parameters
The general Heun equation in its canonical form given in literature [13] , [14] has regular singularities at y = 0, y = 1, y = a and y = ∞, meaning, in our case, r = 0, r = 2M and r = ±1/A, with the expansion around y = 0 given by
In the particular case ω = 0, so that the parameters (35) get real values, the procedure of reducing the Heun general functions to Heun polynomials is discussed in [21] . Thus, for the case α ′ = 0 and γ ′ = 1/2, the first Heun function in (34) turns into a constant, while for α ′′ = 1/2 and γ ′′ = 3/2, the second Heun function is 1/ √ y.
As for the angular equations (18), these are also satisfied by Heun general functions which can be obtained from (27) , for r + = 2M, r − = 0 and η = 2MA.
The Reissner-Nordstrom geometry
As another physically important example, let us consider the case where the acceleration parameter in the charged C-metric is zero A = 0, meaning that P = Ω = 1 in 7. Thus, for the function
that in natural units G = c = 1 turns into the well-known Reissner-Nordstrom expression
the radial equations (17) become
where −iω stands for B = 1, while +iω is for B = 2. The solutions are expressed in terms of Heun confluent functions as
of variable
and parameters
As in the previous section, r ± = M ±ε are the outer and inner horizons, with ε = M 2 − Q 2 and the relation (37) can be written as
pointing out the two regular singular points r ± which are to be treated on equal footing. Since β is a non-integer quantity, the two functions in (39) form linearly independent solutions of the confluent Heun differential equation.
For the polynomial form of the confluent Heun functions, one has to impose the necessary condition [13] , [14] 
In view of the parameters in (40), it turns out that only the component multiplied by C 1 gets a polynomial expression, the imaginary quasispectrum being given by the quantization law
If one further sets the charge parameter to zero Q = 0, note that the particular case of the Dirac equation describing massless fermions in Schwarzschild spacetime has been investigated recently, using both the NP formalism [23] and the partial wave analysis [6] .
However, this problem can be analytically solved within the approach developed in the present work, leading to confluent Heun functions. Indeed, with
the corresponding radial equations (17), i.e.
have the solution
and its complex conjugate, with the parameters of the confluent Heun functions being given by
The solutions to Heun's confluent equations are computed as power series expansions around the regular singular point x = r/(2M) = 0. The series converges for x < 1, i.e. r < 2M, where the second regular singularity is located. An analytic continuation of the HeunC function is obtained by expanding the solution around the regular singularity x = 1, and overlapping the series.
For the asymptotic behavior at infinity, one may use the formula [13] HeunC
and the expression (44) turns into the simplified form
where φ(ω) is the phase shift and S + 2 = S + 1 (ω → −ω). As for the angular parts T ± B , one has to go back to the equations (18) which, for P = 1, take the form
with the solutions expressed in terms of hypergeometric functions F 12 as
and the same functions for T − B .
The BBMB metric
As a final example, let us consider the metric corresponding to:
which can be obtained from (29), for A = 0. This metric, which can be expressed as an exact solution to the Einstein conformal scalar equations is called the BBMB solution [17] , [18] and one may notice that the spacetime is the same with the extremal Reissner-Nordstrom black hole, for Q = ±M. In (49), M is the mass of black hole and the unique event horizon is located at r = M, where the scalar field diverges.
In the general equations (17) which get the form
we introduce the new variable
pointing out the special value r = 2M, where the photon surface is located [24] . Thus, for S + 1 , we get the new equation
whose solutions are
with the following parameters of the Heun double confluent functions
and the conditions at the origin become HeunD(0) = 1 and HeunD ′ (0) = 0.
Conclusions
In the present paper, we presented an alternative approach to the usual method based on the NP formalism, for deriving the SO(3, 1)−gauge covariant Dirac equation in curved spacetimes. This procedure applies to general static prolate metric of the form (1). For massless fermions, the general equation (6) , in its concrete form (8) can be separated into its radial and angular parts. These have been solved in the general case of accelerating charged black holes, the solutions being expressed in terms of general Heun functions. As expected, in the case of the vacuum C-metric, we obtain similar results as the ones derived in [11] , where the authors used a Kinnersley-like null frame and the NP formalism.
When the acceleration parameter is zero, one deals with the Reissner-Nordstrom spacetime and the solution to the Dirac equation is given in terms of confluent Heun functions. By imposing the parameters (40) to satisfy the condition (41), the confluent Heun function gets a polynomial form. Moreover, the imaginary quasispectrum of massless fermions is given by the remarkably simple analytical formula (42), pointing out the characteristic timescale τ determined by the fundamental quasinormal resonant frequency corresponding to n = 0, i.e. τ = 2r 2 + /ε. Far from the Reissner-Nordstrom or Schwarzschild black holes, asymptotic forms of the radial functions, as the one in (46), can be used to investigate, for example, the scattering of astrophysical neutrinos [25] .
Even though there is known by now a rich collection of relations and properties of Heun functions of all kinds [26] , [27] for a comprehensive description of classes of exact solutions to the Teukolsky Master Equation, which is a basic tool in black hole physics, expressed in terms of the confluent Heun functions, we recommend [28] .
Finally, one can notice that for the metric (49), which is the extremal form of the ReissnerNordstrom solution, the confluent Heun functions (CHF) have turned into double confluent Heun functions, through an additional confluence process, with the two regular singularities of the confluent Heun equation coalescing into one irregular singularity at the origin. The irregular singularities at 0 and ∞, have been further relocated at y = ∓1, leaving the origin as a regular point.
For y in the range y ∈ (−1, 1), meaning r ∈ (M, ∞), there is a maximum value at y = 0, i.e. r = 2M. For r < M, which corresponds to y outside the convergence unit circle, the expressions of the Heun double confluent functions can be constructed using the identity HeunD[α, β, γ, δ, y] = HeunD −α, −δ, −γ, −β, 1 y .
